DECOMPOSITION OF GEODESICS IN THE WASSERSTEIN SPACE 
AND THE GLOBALIZATION PROPERTY 
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Abstract. Let (X, d, m) be a non-branching metric measure space verifying CD[ oc (K, TV) or equivalcntly 
CD*(_fC, TV). In this note we show that given a geodesic fit in the L 2 -Wasserstein space, it is always 
possible to write the density of fit as the product of two densities, one corresponding to a geodesic with 
support of codimcnsion one verifying CD(K, TV — 1), and the other associated with a one dimensional 
measure. 

O | For a particular class of optimal transportation we prove the linearity in time of the other component, 

1^ , obtaining therefore the full CD(K, TV) for fit- This result can be therefore interpret as the "self-improving 

C/3 ■ property" for CD* (K,N) or as a partial globalization theorem for CD (A", TV). 

In the setting of infinitesimally strictly convex metric measure space, we also write explicitly the one 
dimensional density obtaining a complete and explicit decomposition of the density. 



1. Introduction 

An important class of singular spaces is the one of metric measure spaces with generalized lower bounds 
on the Ricci curvature formulated in terms of optimal transportation. This class of spaces, together with 
lower bounds on curvature and upper bounds on on dimension, has been introduced by Sturm in |13l I14| 
and independently by Lott and Villani in and it is called CD(K, N). 

The curvature- dimension condition CD(A, A) depends on two parameters K and N, playing the role 
of a curvature and dimension bound, respectively. We recall two important properties of the condition 
CD(K,N): 

• the curvature-dimension condition is stable under convergence of metric measure spaces with 
respect to the ^-transportation distance B introduced in [15] : 

• a complete Riemannian manifold satisfies CD(A, N) if and only if its Ricci curvature is bounded 
from below by K and its dimension from above by N . 

Moreover a broad variety of geometric and functional analytic properties can be deduced from the 
curvature-dimension condition CD(A', A): the Brunn-Mikowski inequality, the Bishop-Gromov volume 
comparison theorem, the Bonnet-Myers theorem, the doubling property and local Poincare inequalities 
on balls. All this listed results are quantitative results (volume of intermediate points, volume growth, 
upper bound on the diameter and so on) depending on K, N . 

Curvature-dimension condition CD(A, A) prescribes how the volume of a given set is affected by 
curvature when it is moved via optimal transportation. Condition CD(K,N) impose that the distortion 
is ruled by the coefficient t^ n (9) depending on the curvature K, on the dimension A, on the time of 

the evolution t and on the point length 9. The main feature of t^ n (9) is that it is obtained mixing two 
different volume distortions: an (A — l)-dimensional distortion depending on the curvature K and a one 
dimensional evolution that doesn't feel the curvature. Namely 

T M N{ 9)=t^a% N _ 1 (er- 1)/N , 

where N _ 1 (9)^- N ~ 1 ^ N contains the information on the (A — l)-dimensional volume distortion and 
the evolution in the remaining direction is ruled just by t 1 ^ . That was inspired by the Riemannian 
framework. The coefficient <J^ N _ l {9) are the fundamental solutions of a second order ordinary differential 
equation with parameters K and N. 

One of the most important questions on CD(A, A) that are still open, is whether this notion enjoys 
a globalization property: can we say that a metric measure space (A, d, m) satisfies CD(A, N) provided 
CD(A', N) holds true locally on a family of sets Aj covering A? 
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A first tentative of answer this problem was given by Bacher and Sturm in [3]: they proved that a 
metric measure space (X, d, m) verifies the local curvature-dimension condition CDi oc (K, A) if and only 
if it verifies the global reduced curvature-dimension condition CD* (A, A). The latter is obtained from 
CD(A", A) imposing that the volume distortion, during the evolution through an optimal transportation, 
is ruled by <7^ N (9) instead of t^ n {9). The reason why this result holds true stays in the better behavior 

(in time) of u^ N (9) than t^ n {9). 

The reduced condition is strictly weaker than CD(A, A) and a converse implication can be obtained 
only changing the value of the lower bound on the curvature: condition CD*(A, A) implies CD(A*, A) 
where K* = A(A — 1)/N. Therefore CD* (A, A) gives worse geometric and analytic information than 
CD(A, A). 

In [5] the author and Sturm proved that if (X, d, to) is a non-branching metric measure space that ver- 
ifies CD; oc (A, A) then (X, d, to) verifies MCP(A, N), where the latter is a weaker variant of of CD(K, A): 
while CD(A', N) is a condition on the optimal transport between any pair of absolutely continuous (w.r.t. 
to) probability measure on X , MCP(A, N) is a condition on the optimal transport between a Dirac delta 
and the uniform distribution m on X. 

The approach in [5] was to isolate a local (A — l)-dimensional evolution ruled by o , j^ N _ 1 (9) and then 

using the nice properties of <^ < ^ > N _ 1 (9), obtain a global (N — l)-dimensional evolution with coefficient 
c < ^ > N _ 1 {9). Then using Holder inequality and the linear behavior of the other direction, pass from the 

(N — l)-dimensional version to the full-dimensional version with coefficient t^ n (9). 

However to detect the (A — l)-dimcnsional evolution it is necessary to decompose the whole evolution. 
Considering the optimal transport between a Dirac mass in o and the uniform distribution to, the family 
of spheres around o immediately provides the correct (A — l)-dimcnsional evolutions. 

The aim of this paper is to identify, in the general case of optimal transportation between any mea- 
sures, the (A — l)-dimcnsional evolution verifying CD* (A, A — 1) and, starting from that, provide a 
decomposition for densities of geodesies. The density will be written as the product between the (A — 1)- 
dimensional density verifying CD* (A, A — 1) and of a 1-dimcnsional density not necessarily associated to 
a 1-dimensional geodesic. In the framework of infinitesimally strictly convex spaces, the 1-dimensional 
density will be explicitly written producing an explicit decomposition. 

Applications to the globalization problem for CD(A, A) are also given. With this approach we are 
able to reduce the problem to prove concavity in time of the 1-dimensional density. In the particular 
case of optimal transport plans giving the same speed to geodesies leaving from the same level set of the 
associated Kantorovich potential, we prove indeed linearity of the 1-dimensional factor and we get the 
full CD (A, A) inequality. 

We now present the results contained in this note in more details. 
The first difficulty we have to handle with is to find a suitable partition of the space. Unlikely optimal 
transportations connecting measures to deltas, there is not just a universal family of sets but one for each 
t G [0, 1]: if fit is a geodesic in Wi and (p the Kantorovich potential associated, then 

{7t : filo) = a, 7 S supp(7)} QSR 

is the family of partitions, one for each t £ [0,1], that will be considered. Here 7 <G V(Q(X)) is the 
dynamical optimal transference plan of fit- The reason why that family is the right one stays in the 
following property: the set 

{(7o,7i) eX x X : ^(70) = a} 
is d-cyclically monotone (Lemma 14. ip . Hence for 7 7^ 7 6 supp(7) with v?(7o) = ^(71) it holds 

ls ^iu V*,ie(o,i), 

therefore for s ^ i, {7 S : <p(7o) = a] and {74 : ^(70) = a} are disjoint. This key property permits to 
consider the evolution of the geodesic when restricted on the level sets of Kantorovich potential. 

To perform a dimensional reduction argument on measures the right tool is Disintegration Theorem 
12.181 if 7 G "P(Cf(A)) is the dynamical optimal transference plan, then (Proposition 13. ip 

1=1 l a £\da), 7a({7GG^(7o) = a}) = || 7Q ||, 
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where p(no) = <^(supp(/i )) and G is the support of 7. Clearly the geodesic to consider is i 1 — > (e t )j)(7 ) 
but, being singular with respect to m, it is not clear which reference measures we have to choose. One 
option could be to consider for each t G [0, 1], the family 

{it ■■ <p(lo) = «, 7 G G}ae v (^ )- 

For each t G [0,1], by c? 2 -cyclical monotonicity, the family is a partition of e f (G) and hence we have 
(Proposition 13 . ll and Lemma [ 



mi_ et ( G )= / m^t^ida), m a ,t({7t : ¥>(to) = a}) = ll™a,t||- 

But if we want to use the (N — l)-dimensional measures rh a j as reference measures, there is then no 
way to prove a CD*(K, N — 1) estimate for the densities of -y a , indeed if (et)j7 = fit = ftfi, then, up to 
renormalization constant, 

l a = Qtm a ,t, 

and therefore the density is Qt- 

The correct reference measures are built as follows. For each a G 93(^0), consider the following family 
of sets 

{7* = ¥>(7o) = a, 7 G G}te[o,i]- 
By d-cyclical monotonicity, they are disjoint ([Lemma l4.2p . If f a (l) := U te [o,i]{7i : 93(70) = a, 7 G G}, 
then (Proposition I4.3[) 



mLf o m= / m att jC 1 (dt), m , 4 ({7 4 : 93(70) = a}) = ||m 0>t ||. 

7[0,1] 

For every t G [0, 1], we have (e t )jj(7 a ) <C m 0ji (Corollary 15. 6p . If /i 0) ( is the corresponding density, then 
^ !-> h ai t{jt) satisfies the local reduced curvature-dimension condition CD^ oc (if, JV — 1) (Theorem I0.4[) . 
Here the main idea is to consider a geodesic in the Wasserstein space, absolute continuous with respect 
to m, moving in the same direction of 1 1— > (et)$"y a - Taking inspiration from the Riemannian framework, 
the volume distortion affects only (TV — 1) dimensions. 

The geodesic is built as follows: let < Ro, Lq, Ri, Li < 1 with Rq < Ri be real numbers such that 
R t + L t < 1 for all t G [0, 1], where R t := (1 - t)R + tR 1 and L t := (1 - t)L + tL x . Then 

t H> v t = ^ / (e„) i >y a £, 1 (d*) G V(M) 

J(R t ,R t +L t ) 

is a geodesic (Lemma 16.11 and Lemma 16. 2p . Suitably choosing Lq and L\, we prove that t t— > /i ,t(7t) 
satisfies the local reduced curvature-dimension condition CD^ oc (K, N — 1). It is then fairly easy to pass 
to the global CD* (if, N — 1) (Theorem I7.2[) . Lemma |6.1[ Lemma [6.21 and Theorem 17.21 were already 
presented in |S]. 

So up to normalization constant 

( e t)t)(7 Q ) = Qtm a ,t = ha tt m at t, 
with h a t verifying CD* (if, N — 1). Therefore in order to have a complete splitting of in two densities, 
it is necessary to write explicitly m a ,t in terms of ra a ^ or vice versa. Note that both measures are 
concentrated on the set 

{it ■■ v(7o) = a, 7 G G}. 

Through a careful blow-up analysis (Proposition 15.21 and Theorem 15. 5[) , we show that the two measures 
are equivalent, m a t = \tjn a>tl and we give also an explicit formula for the density At (Corollary [5~ 
Define $ t : e t (G) ->las follows: $t(lt) = f(lo) + |d 2 (7o,7i), then 

1 ,. . r Mlt) " ®t{lt+r) 

lim mi . 



A t (7t) r^o 
So we have proven the following decomposition of Qt 



Btilt) = I J Qt{z)m a ,t{dz) j J^j h a,t(l)> 

where a — 93(70). Note that the value of the integral does not depend on time, but just on a, hence, in 
order to prove CD(K, iV)-like estimates, the integral can be dropped out. 
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The last part of this note is devoted to the study of At- Assuming that d(7o, 71) is a function of ^(70), 
meaning that 7 gives the same speed to geodesies starting on the same level set of ip, we are able to prove 
(Proposition 18. 1[) that 

A t (7t) = (l-£)A (7o) + *Ai(7i). 

It is then fairly easy to get under the same assumption the global CD (if, N) (Theorem 18. 4[) . Without 
doing any assumption on the transference plan but assuming the space to be infinitesimally strictly convex 
(see (|2.7p ). we prove that (Proposition 18. 3[) 

— — = -£)$t(V^ t )(7t), 7-a.e.7, 
<M7t) 

and hence the general decomposition: up to a constant (in time) factor 

g t = -D<$> t (V<pt)h t . 

Even if the starting hypothesis of this note can be chosen to be equivalently CD; oc (if, N) or CD*(K, N), 
the results proved can be read from two different prospective, accordingly to CDi oc (K, N) or CD* (if, N). 
From the point of view of CD* (if, N), where the globalization property is already known, the main result 
is that for nice optimal transportations the entropy inequality can be improved to the curvature-dimension 
condition, giving a "self-improving" type of result (see [5]). From the point of view of CD; oc (if , TV) clearly 
the main issue is the globalization problem. Here the main statement is that the local-to-global property 
is true for nice optimal transportations and the statement in the general case is strongly linked to the 
concavity of the 1-dimcnsional density At. The latter it is in turn strongly linked to the composition 
property of the differential operator D. 



2. Preliminaries 

Let (X, d) be a metric space. The length 1.(7) of a continuous curve 7 : [0, 1] — > X is defined as 

L( 7 ) := sup^d(7(^_i),7(i fe )) 

k=l 

where the supremum runs over n £ N and over all partitions = to < t\ < • • • < t n = 1. Note that 
L(7) > ^(7(0), 7(1))- A curve is called geodesic if and only if 1.(7) = ^(7(0), 7(1)). If this is the case, 
we can assume 7 to have constant speed, i.e. L(7i_r gjt i) = \s — t j L('y) = \s — t|d(7(0), 7(1)) for every 
< s < t < 1. 

Denote by G(X) the space of geodesic 7 : [0, 1] — > X in X, regarded as subset of C([0, 1],M) of 
continuous functions equipped with the topology of uniform convergence. 
(X, d) is said to be a length space if and only if for every x, y £ X, 

d(x,y) = inf L(7) 

where the infimum runs over all continuous curves joining x and y. It is said to be a geodesic space if all 
x and y are connected by a geodesic. A point z will be called ^-intermediate point of points x and y if 
d(x, z) = td(x, y) and d(z, y) = (1 — t)d{x, y). 

Definition 2.1. A geodesic space (X,d) is non-branching if and only if for every r > and x,y € X 
such that d(x,y) = r/2, the set 

{zeX : d(x, z) = r] n {z e X : d(y, z) = r/2} 

consists of a single point. 

Throughout the following we will denote by B r (z) the open ball of radius r centered in z. A standard 
map in optimal transportation is the evaluation map: for a fixed t E [0, 1], et '■ Q{X) — > X is defined 
by et(7) := 74. The push-forward of a given measure, say 77, via a map / will be denoted by f^rj and is 
defined by f$r)(A) := r](f~ 1 (Aj), for any measurable A. 
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2.1. Geometry of metric measure spaces. What follows is contained jl4) . 

A metric measure space is a triple (X, d, m) where (X, d) is a complete separable metric space and m is 
a locally finite measure (i.e. m(B r (x)) < oo for all x g X and all sufficiently small r >0) on X equipped 
with its Borel cr-algebra. We exclude the case m(X) = 0. A non-branching metric measure space will be 
a metric measure space (X, d, m) such that (X, d) is a non-branching geodesic space. 

V2 (X, d) denotes the £ 2 -Wasserstein space of Borel probability measures on X and dw the corre- 
sponding L 2 -Wasserstein distance. The subspacc of m-absolutcly continuous measures is denoted by 
V 2 (X, d,m). 

The following arc well-known results in optimal transportation theory and are valid for general metric 
measure spaces. 

Lemma 2.2. Let (X,d,m) be a metric measure space. For each geodesic T : [0,1] — > T y 2{X 1 d) there 
exists a probability measure 7 on G(X) such that 

• et j7 = r(t) for a«te [0,1]; 

• for each pair (s, t) the transference plan (e s , e t )j7 is an optimal coupling for dw- 
Consider the Renyi entropy functional 

S N {-\m) : P 2 (X,d)^R 

with respect to m, defined by 

(2.1) S N (p\m) :=- I g~ 1/N (x)fj,(dx) 

Jx 

for /i € where g is the density of the absolutely continuous part /i c in the Lebesgue decomposition 

/.t = fi c + {I s = gm + fi s . 

Given two numbers K, N g R with N > 1, we put for (t, 9) g [0, 1] x R + , 

'00, if K9 2 >{N— l)7r 2 , 

^ f sin(^VW(iV3l))\ 1 ' 1/JV < _ 

^si^v^/^-i)); 

(2.2) ^(0) := ^ i if#0 2 <Oor 



tl/N smh(t9^-K/(N-l)) 
That is, T ( jp N (6) := i 1 /^^^)^-!)/* whe re 



1-1/JV 



if £T6> 2 = and N = 1, 
if iT6» 2 < and X > 1. 



(t) _ S m(t0y/K/N) 



if < K0 2 < A71" 2 and with appropriate interpretation otherwise. Moreover we put 

The coefficients t$ n (6), o- { £ n {9) and t^ 3 ^(0) are the volume distortion coefficients with K playing the 
role of curvature and N the one of dimension. 

The curvature-dimension condition CD(K, N) is defined in terms of convexity properties of the entropy 
functional. In the following definitions K and N will be real numbers with JV > 1. 

Definition 2.3 (Curvature-Dimension condition). We say that (X,d,m) satisfies CD(K, N) if and only 
if for each pair (io, (J,i £ V2{X, d, m) there exists an optimal coupling 7r of fiQ — g$m and [i\ = g\m, and 
a geodesic T : [0, 1] — > Vi(X,d,m) connecting fj,o and /ii such that 

(2.3) 



XxX 



S N >(T(t)\m) < - T y K N ,'(d(x ,x 1 ))g (x ) 



+ T K,N'(d( x o,Xi))Qi 1/N (xi) n(dx dxi), 
for all t <E [0, 11 and all N' > N. 
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The following is a variant of CD(K, TV) and it has been introduced in 

Definition 2.4 (Reduced Curvature-Dimension condition). We say that (X,d,m) satisfies CD* (A, TV) 
if and only if for each pair /iOiMi € V2(X,d,m) there exists an optimal coupling 7r of [Aq — g^m and 
/ii = Qim, and a geodesic T : [0,1] — >• V 2 (X,d,m) connecting and ^1 such that (|2.3p holds true 
for all £ G [0,1] and all TV' > TV with the coefficients r^ N (d(xo, x±)) and J\d(xo,x\)) replaced by 
a ic,N(d{xo,xi)) and a ( ^\d{x Q , X\)), respectively. 

For both definitions there is a local version. Here we state only the local counterpart of CD(A, TV), 
being clear what would be the one for CD* (A', TV). 

Definition 2.5 (Local Curvature-Dimension condition). We say that (X,d,m) satisfies CD; oc (A, N) if 
and only if each point x G X has a neighborhood X(x) such that for each pair jUo,Mi G V2(X,d,m) 
supported in X(x) there exists an optimal coupling tt of fiQ = g$m and fj,i = Q\m, and a geodesic 
T : [0, 1] -> V 2 {X, d, m) connecting ^ and m such that holds true for all t G [0, 1] and all TV' > N. 

It is worth noticing that in the previous definition the geodesic T can exit from the neighborhood 
X(x). 

One of the main property of the reduced curvature dimension condition is the globalization one: under 
the non-branching assumption conditions CD* oc (A, TV) and CD* (AT, TV) are equivalent. Moreover it holds: 

• CD* oc (A,TV) is equivalent to CD loc (K,N); 

• CD(A,TV) implies CD* (A, TV); 

• CD* (A, TV) implies CD(A*,TV) where A* = K{N - 1)/N. 

Hence it is possible to pass from CD/ oc to CD, but passing through CD* and worsening the lower bound 
on the curvature. For all of these properties, see [3]. 

If a non-branching (X, d, in) satisfies CD(A, TV) then geodesies are unique m ® m-a.e.. 

Lemma 2.6. Assume that (X,d,m) is non-branching and satisfies CD(K,N) for some pair (A, TV). 
Then for every x G supp[m] and m-a.e. y G X (with the exceptional set depending on x) there exists a 
unique geodesic between x and y. 

Moreover there exists a measurable map 7 : X 2 — > Q{X) such that for m ® m-a.e. (x,y) G X 2 the 
curve 1 1-> jt(x,y) is the unique geodesic connecting x and y. 

Under non-branching assumption is therefore possible to formulate CD(A, TV) in an equivalent point- 
wise version: (X,d,m) satisfies CD(A, TV) if and only if for each pair vq,i/i G V^iX^d^m) and each 
optimal coupling 7r of them 

(2.4) Qt{lt(x ,xx)) < T^){d{x Q ,x- i ))QQ 1,N {x ) +T [ K ) N ,{d{xQ,xi))Q^ 1,N (xi) 

for all t G [0, 1], and 7r-a.e. (xo,xi) G X x X. Here g t is the density of the push-forward of tt under the 
map (x ,xi) H> 7t(x ,xi). 

We conclude with a partial list of properties enjoyed by metric measure spaces satisfying CD* (A, TV) 
(or CD /oc (A,TV)). If (X,d,m) verifies CD*(A,TV) then: 

• m is a doubling measure; 

• m verifies Bishop-Gromov volume growth inequality; 

• m verifies Brunn-Minkowski inequality; 

with all of these properties stated in a quantitative form. 

2.2. Spherical Hausdorff measure of codimension 1. What follows is contained in [3] and is valid 
under milder assumption than CD* (A, TV) but for an easier exposition we assume (X, d, m) to satisfy 
CD*(A, TV). 

Let B(X) be the set of balls and define the function h : B(X) — > [0, 00] as 

h{B r {x)) := 

r 

Due to the doubling property of m, the function h turns out to be a doubling function, i.e. h(B2 r (x)) < 
(Cd /2)h(B r (x)) for every x G X, r > 0, where Co is the doubling constant of m. Then, using the 
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Caratheodory construction, we may define the generalized Hausdorff spherical measure S h as 
(2.5) S h (A) := liminf I J2 h ( B i) : B * G B(X),Ac (J S^diam^) < r \ . 

rJ ' UeN iGN J 

We will use the following property: given a set of finite perimeter E, the perimeter measure P(E, ■) is 
absolutely continuous w.r.t. S (see Theorem 4.4 of [3]). 

2.3. Gradients and differentials. This part is taken from [TT]. A curve 7 G C([0, 1],-X") is said to be 
absolutely continuous provided there exists / G i 1 ([0, 1]) such that 

dilsHt) < I f(r)dr, Vs, t £ [0,1], s < t. 



Let AC([0, 1],X) denote the set of absolutely continuous curves. If 7 G AC([0, 1],X) then the limit 

Iim rf(7* + r,7*) 
r^O T 

exists for a.e. i G [0, 1], is called metric derivative and denoted by \ j t \- 

Given Borel functions / : X — > R, G : X — > [0, 00] we say that G is an upper gradient of / provided 

|/(7o) - /(7i)i < / G(lt)\jt\dt: V 7 e4C([0,l],M), 
Jo 

where |-y t | is the metric derivative of 7 in i. For / : X — y K the local Lipschitz constant |D/| : X — > [0, 00] 
is defined by 

m fU s ,. 1/(2/) - /Ml 

£>/ (x) := hmsup r 

v^x d{y,x) 

if x is not isolated, and otherwise. Define 

+ ^ ._ „™ (/GO - /(*))+ , n- ._ _ (/(W) - /(*))" 



|D /|(*):= limsup ^ , |D-/|(.) := limsup ^ 

the ascending and descending slope respectively. If / is locally Lipschitz, then \D ± f\, \Df\ are all upper 
gradients of /. In order to give a weaker notion of slope, consider the following family: 7 G V(C([0, 1], X)) 
is a test plan if 

etil < Vi G [0, 1], and J J | 7t ^(dy) < 00, 

where C is a positive constant. Therefore we have the following. 

Definition 2.7. A Borel map / : X — > R belongs to the Sobolev class S 2 (X, d,m) (resp. 5 z 2 oc (X, d, m)) 
if there exists a function G G L 2 (X, m) (resp. Lf oc (X, m)) such that 

(2.6) y |/(7o) - /(7i)l7(^7) < J J G( 7s )|7s|^ 7 (d7), V 7 test plan. 

If this is the case, G is called weak upper gradient. 

For / G S 2 (X,d,m) there exists a minimal function G, in the m-a.c. sense, in L 2 (X,m) such that 



holds. Denote such minimal function with \Df\ w . Accordingly define the scminorm ||/||s 2 (x,d.m) := 

\\\Df\w\\L 2 (X,m)- 

We now state a result on the weak upper gradient of Kantorovich potentials. Recall that 7 G V(Q(X)) 
is a dynamical optimal plan if it = (eo,ei)j7 G IT(/io,Mi) i s optimal and the map £ 1 — ^ /Xt := eta ^ s a 
geodesic in the 2-Wasscrstein space. 

Proposition 2.8 (0, Theorem 10.3). Let (X,d,m) verify CD(K,N) for K G R and N > 1. Lei 

Hoi^i € T } 2{X,d,m), if be a Kantorovich potential. Then for every 7 optimal dynamical transference 
plan it holds 

d{joai) = \Dip\ w (j ) = \D + ip\(j ), forj-a.e.j. 
If moreover the densities of fig cmd of [i\ are both in L°°(M,m), then 

W d(7o,7t) 
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In order to compute higher order derivatives, we introduce the following. 
Definition 2.9. Let f,g G S 2 {X,d,m). The functions 

\D(g + ef)\l-\Dg\l 



D+f(Vg) := liminf 
D~ f(Vg) := limsup 



lo 2e 

\D(g + sf)\l-\Dg\l 



on {x G M : \Dg\ w (x) ^ 0}, and are taken by definition on {x G M : IF^^cc) = 0}. 

Spaces where the two differentials coincide are called infinitesimally strictly convex, i.e. (X, d, m) is 
said to be infinitesimally strictly convex provided 



(2.7) J D+f{Vg){x)m{dx) = J D~ f(Vg)(x)m(dx), Vf,g G S z {X,d,m). 

It is proven in [11] that (|2.7[) is equivalent to the point-wise one: 

D+/(V<?) = D-f(Vg), m - a.e., Mf,g G Sf oc (X,d,m). 

If the space is infinitesimally strictly convex, we can denote by F>/(Vg) the common value. If the space 
is infinitesimally strictly convex, then DfV(g) is linear in / and 1-homogeneous and continuous in g. 

There is a strong link between differentials and derivation along families of curves. For 7 G V(C([0, 1], X)), 
define the norm ||7|| 2 G [0, 00] of 7 by 

\\-yg :=limsup \ f f | 7s | 2 ds 7 (d 7 ), 
t|o t J Jo 

if 7 G V(AC([0, l],X)) and +00 otherwise. 

Definition 2.10. Let g G S* 2 (X, d, m). We say that 7 G V(C([0, 1], X)) represents Vg if 7 is of bounded 
compression, H7H2 < 00, and it holds 

(2-8) liminf J g(7t) = g(7o) 7 (d 7 ) > + 11^111)- 

A straightforward consequence of (|2.8[) is that if 7 represents Vg, then the whole limit in the lefthand- 
side of (|2.8[) exists and verifies 

S / g(7t) 7 (7o) 7w = Idii^uiii.^,,, + 

Theorem 2.11 ([TT], Theorem 3.10). Let G S 2 (X, d, m). For every 7 G P(C([0, 1],M)) representing 
\7g it holds 

f D + f(Vg)e oa > limsup / /(7t) ~ /(7o) 7 (d 7 ) 

> liminf | /(7t) ~ /(70) 7 (d 7 ) > | D-/(V 5 )e 08 7- 

In order to have differentials enjoying more properties, we consider the following class of spaces: 

Definition 2.12. Wc say that (X, d, m) is infinitesimally Hilbcrtian provided the seminorm || ■ \\s 2 (x.d,m) 
on 5 2 (X, d, m) satisfies the parallelogram rule. 



We will use the following equivalent characterization: (X, d, m) is infinitesimally Hilbertian if and only 
if it is infinitesimally strictly convex and for every f,g€ Sf oc (X, d,m) it holds 

(2.9) Df{Vg) = Dg(Vf), m - a.e.. 

Therefore in the case of infinitesimally Hilbertian spaces, Df(Vg) will be linear in both / and g. 
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2.4. Hopf-Lax formula for Kantorovich potentials. What follows is contained in [2J. 

The definitions below make sense for a general Borel and real valued cost but we will only consider 
the d 2 case. 

Definition 2.13. Let tp : X — >• R U {±oo}. Its d 2 -transform tp d : X -> R U {-oo} is defined by 

tp d (y) := inf )-d 2 (x,y) -tp(x). 

xEX Z 

Accordingly tp : X i-> R U {±00} is d 2 -concave if there exists u : X — >■ R U {— oo} such that tp = v d . 

A d 2 -concave function tp such that (tp,tp d ) is a maximizing pair for the dual Kantorovich problem 
between [iq, /ii is called a d 2 - concave Kantorovich potential for the couple (/xo, /ii). A function tp is called 
a d 2 -convex Kantorovich potential if — <^ is a rf 2 -concave Kantorovich potential. 

We arc interested in the evolution of potentials. They evolve accordingly to the Hopf-Lax evolution 
semigroup H£ via the following formula: 

yex 2 s — t 

ip(x), if t = s, 

,. , ld 2 (x,y) 

sup^(y)-- r ■ lH>s - 

yG x z t — s 



(2.10) # t s (V0(z) 



We also introduce the rescaled cost c*' 5 defined by 

c*.-(x,y):= , Vt< S ,x j2 /eX 

z s — r 

Observe that for t < r < s 

c t,r {x, y) + c r ' s (y, z) > c M (a;, z), Vz, y,z E X, 

and equality holds if and only if there is a constant speed geodesic 7 : [t, s] — y X such that x = "ft, V = 7r 
and z = j s . The following result is taken from [TS| (Theorem 7.36) but here we report a different version. 

Theorem 2.14 (pQ, Theorem 2.18). Let (/j. t ) C V2{X) be a constant speed geodesic in (T J 2{X ) d) i dw) 
and tp a c 0,1 -convex Kantorovich potential for the couple (/UoiMi)- Then tp s := Hq(iP) is a c t s -concave 
Kantorovich potential for (/x s , fit), for any t < s. 

Similarly, if (j) is a c-concave Kantorovich potential for (fj,i,fj,o), then H\ is a c t,s -convex Kantorovich 
potential for (/it, fis), for any t < s. 

The following is an easy consequence. 

Corollary 2.15. Let tp be ad 2 -concave Kantorovich potential for /io, /ii and tp t the Kantorovich potential 
for (ntjfii) where [it = et$~f and 7 is an optimal dynamical plan. Then the following holds: 

ftilt) = Wo) ~ ^ 2 (7o,7i), 7 - a.e. 7. 
Proof. Follows from Theorem 12. 141 that 



tp t (x) = -Ht(tp d )(x) = inf - /(,). 

y£X Z 1 — t 



Therefore for 7-a.e. 7 



. , l(i 2 (7t,7i) , . 1 2/ \ . . t 2 . 
tptht) < ^ l _ t h Wo) - -jd (70,71) = Wo) - 2 d (70, 7i)- 

To prove the opposite inequality: observe that 

d 2 ("fo,"ft) d 2 (j t ,y) 
t 1-t 
therefore for 7-a.e. 7 

1 d 2 (lt,y) d ld^juy) 1,2/ \ 1 f \^ / \ 1 d 2 {jo,j t ) , s t 2 

2 l _ t f (y) ^ 2 l-t 2 ( 7o ' y ) + ( ^ 7 °) - ^ 7 °) ~ 2 1 = Wo) - -jd (70, 7i)- 

Taking the infimum the claim follows. □ 



> d (70, y), 
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Also related to slopes of Kantorovich potentials is the following construction taken from [2J. Let 
/ : X — > K be a Lipschitz function and consider the following maps 

{( (x y) 
d(x, y):y£ argmin|y ^ f(y) H — | — j 

d(x,y) : y £ argminjy >-> f(y) H ^ — j L 

Then a monotonicity result holds true. 

Lemma 2.16 ([2], Proposition 3.1). For all x £ X it holds, 

D + (x,t) < D~(x,s), 0<t<s. 

As a consequence, D + (x, •) and D~(x, ■) are both nondecreasing, and they coincide with at most countably 
many exceptions in [0, co). 

2.5. Disintegration of measures. Wc conclude this introductory part with a short review on disinte- 
gration theory. What follows is taken from [BJ. 

Given a measurable space (R, S£) and a function r : R — > S, with S generic set, we can endow S with 
the push forward a-algebra 5? of 0%: 

gey <«=>• r-^QJe*, 

which could also be defined as the biggest cr-algebra on 5 such that r is measurable. Moreover given a 
measure space (R,S?,p), the push forward measure r\ is then defined as r\ := (rjp). 

Consider a probability space [R, S?, p) and its push forward measure space (S, 5? , rf) induced by a map 
r. From the above definition the map r is clearly measurable and inverse measure preserving. 

Definition 2.17. A disintegration of p consistent with r is a map p : S? x S — > [0, 1] such that 

(1) p s (-) is a probability measure on (R,S$) for all seS, 

(2) p.(B) is 77-measurable for all B G {%, 

and satisfies for all B £ S?, Cgy the consistency condition 

p(Bnr'(C)) = / Ps (B) V (ds). 
Jc 

A disintegration is strongly consistent with respect to r if for all s we have p s (r~ 1 (s)) = 1. 
The measures p s are called conditional probabilities. 

Wc say that a cr-algebra % is essentially countably generated with respect to a measure m if there exists 
a countably generated cr-algebra 7-L such that for all A £ % there exists A € H such that to(^4 A A) = 0. 

We recall the following version of the disintegration theorem that can be found on [5], Section 452 (see 
[BJ for a direct proof). 

Theorem 2.18 (Disintegration of measures) . Assume that (R,S?,p) is a countably generated probability 
space, R = U se gi? s a partition of R, r : R — > S the quotient map and [S,,S^,r]) the quotient measure 
space. Then 5? is essentially countably generated w.r.t. rj and there exists a unique disintegration s 1— > p s 
in the following sense: if pi,P2 are two consistent disintegration then pi, s (") = P2,s(0 for rj-a.e. s. 
If {Sn} n( zjq is a family essentially generating ^ define the equivalence relation: 

s~ s ' <=^> {se S„ s' e S n , Vn e N}. 

Denoting with p the quotient map associated to the above equivalence relation and with {L, _Sf , A) the 
quotient measure space, the following properties hold: 

• Ri := U sep -i(7)i? s = (por) _1 (!) is p-measurable and R = Ujgii?;; 

• the disintegration p = J L pi\(dl) satisfies pi(Ri) = 1, for X-a.e. I. In particular there exists a 
strongly consistent disintegration w.r.t. por; 

• the disintegration p = J s p s n(ds) satisfies p s = p p ( s ) for rj-a.e. s. 

In particular we will use the following corollary. 

Corollary 2.19. If (S,.y) = (X,B(X)) with X Polish space, then the disintegration is strongly consis- 
tent. 
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3. Level sets of Kantorovich potentials 
We fix here the objects that will be used throughout this note. 

Let (X, d, m) be a non-branching metric measure space verifying CDi oc (K, N) or equivalcntly CD*(K, N). 
Let Ho, Hi £ V2{X,d,m), tt G n(/Lto,/^i) the optimal coupling and 7 G V{Q{X)) an optimal dynamical 
transference plan such that (eo,ei)j7 = tt. Moreover let p be the corresponding d-concavc Kantorovich 
potential for (/j,q, Hi) and pt the d-concave Kantorovich potential for (/i t ,/^i). When it will be needed, 
we will use ipo instead of p. From Corollary 12. 151 it follows that tpi = —ip d Hi-a.e. and 

<Pt{lt) = (1 - *)^o(7o) + ty>i(7i)- 

Fix the sets: 

T := {(x,y) £ X x X : p{x) + /(y) = J , r a := L n ^(a) x X, 

with a G K. It is well known that 7r(r) = 1. Fix also the support of 7, G C and the set of curves 

with starting point in ip (a): 

G a := {7 e G : 95(70) = a}. 
The results of this section hold true even if fi\ is singular with respect to m. 

On the set eo(G) we will consider the partition given by the saturated sets of p, i.e. {(/?~ 1 (a)} a6 R. 
Disintegration Theorem implies that 



TOL eo(G) = / m a q{da), p% (mL eo(G) ) = q, 

J v(A"o) 

with m a (y _1 ( a ) c ) = for <j-a.e. a 6 ip(fJ>o), where, in order to have a shorter notation, we have denoted 
by (p(fJLo) the set y>(supp[/i ])- 

Proposition 3.1. The measure q = ip$ (mL eo ( G )l is absolute continuous w.r.t. C 1 . 

Proof. Step 1. Since we have to prove a local property, we can assume G to be compact and such that 
Proposition 12 . 81 holds true on it: \Dip\ w (^fo) = d(7o,7i), for all 7 6 G. Define the map 

e (G)3x^p(x):= inf - p%) 

Since G is compact, eo(G) and ei(G) are bounded and <p is obtained as the infimum of Lipschitz maps 
with uniformly bounded Lipschitz constant. Therefore ip is Lipschitz and coincide with p{x). Extend tp 
to the whole space keeping the same Lipschitz constant. 

We can use the coarea formula (see Theorem 4.3 of [3]) in the particular case of Lipschitz maps: for 
any B C X Borel 

/+00 p 
P({0 = a},B)da>c \\V (p\\{x)m{dx) , 
-oo J B 

where c > depends on tp, the modulus of the gradient of p is defined as 

|| V<^||(x) := liminf — sup \ip(z) — p(x)\ 
P ^o p zeBp (x) 

and P({p = a}, ■) is the perimeter measure. 

Step 2. For (x,y) G (e ,ei)(G), ||Vc£||(a;) > d{x,y). Indeed fix (x,y) G (e ,ei)(G), then p(x) + p d {y) = 
d 2 (x,y)/2 and 

<p(x) - p{z) > ^(d 2 (x,y) - d 2 (z,y)) = ^(d(x 7 y) - d(z, y))(d{x, y) + d(z, y)) 

Select a minimizing sequence p n \, for ||V<^||(x) and z n on the geodesic connecting x to y at distance 
p n from x. Then 

— sup \0{z) - (p(x)\ > \ — {d(x,y) - d(z n ,y))(d(x,y) + d(z n ,yj) = \(d(x,y) + d(z n ,y)). 

Pn z£B Pn (x) z Pn z 

Passing to the limit we have ||V(^||(a;) > d(x,y). 
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Let E C K with C X (E) = 0, then from flX]]) it follows that 

\\V0\\(x)m(dx) = I \\Vip\\(x)m(dx) < - I P({$ = a}, e (G))da = 0. 

V >- 1 {E)ne (G) J (p- 1 (E)r\e (G) C JE 

But on eo(G) the gradient of <p is strictly positive, it follows that m(ip~ 1 (E) n eo(G)) = and therefore 
the claim is proved. □ 



Proposition 13.11 implies that 

mL eo (G)= / m a q(a)C l (da) = / m a £ 1 (da). 

"Mmo) J<p(f*o) 

An analogous partition can be considered also on the support of /Zt, ej(G). Indeed the cZ 2 -cyclical mono- 
tonicity of T implies that the family 

is indeed a disjoint family and a partition of et(G). Wc can therefore consider for every t £ [0, 1] the 
disintegration of mL e ,(g) w.r.t. the aforementioned family. Since for every t £ [0, 1] 

M<^~ V)) = ■ <^(7o) e A}), 

the quotient measures of /iq and /it are the same measure. Hence the quotient measure of mi_ et (G) and 
the one of raL C|) (G) are equivalent. It follows that 

(3.2) mL et(G )= / m a4 f t (a)C 1 (da) = I rha^C 1 (da), m ,t({7* : 93(70) = a} c ) = 0. 

To keep notation consistent, we will denote also the conditional probabilities for t = with m aj o- 
For t e (0, 1), still the partition is formed by saturated sets of a suitable map $ t : 

(3.3) e t (G) 3 it H- $ t (7t) := Pt(7t) + ^ 2 ( 7o ,7i), 

where in the definition of $ t we used that, for t £ (0, 1), for every x £ e t (G) there exists only one geodesic 
7 6 G with 7 f = x. It is straightforward from Corollary 12. 151 to observe that {7^ : (^(70) = a} — ^ (a). 
It follows that for t ^ 1 the conditional probabilities are all of the same type. 

Lemma 3.2. For every t £ [0, 1) and C 1 -a.e. a £ ip(fio), with the exceptional set depending on t, it holds 

m a> t < S h , 

where S h is the spherical Hausdorff measure of codimension one defined in (|2.5D . 

Proof. Step 1. For t = the claim follows from the proof of Proposition 13. 11 where we have shown that 
rh a < P({(p = a], ■) the latter being absolutely continuous with respect to S h ([5], Theorem 4.3). 

Fix t £ (0, 1). The map $ t is Lipschitz, indeed as already observed in the proof of Proposition [3Tj the 
Kantorovich potential ipt can be assumed to be Lipschitz and 

d 2 ( 7t , 7l ) = 2(1 - t) sup {^( 7t ) + V d (y)} . 
vex 

Therefore <E>t is Lipschitz on et(G). Denote with $ t its Lipschitz extension to the whole X. Coarea 
formula for Lipschitz maps applies (see Theorem 4.3 of [3]): for any measurable A C X 

r- + 00 



/ + OO p 
P({$ t = a},A)C 1 (da) >c ||V$ t ||(x)m(da;), 
-00 J A 



where c is a strictly positive constant. 

Step 2. Since <I>t is Lipschitz, Theorem 4.4 and Theorem 4.6 of [3] imply that 

P({*t = <»},•) < C N S h . 

where Cn is the doubling constant of m. So we have 

f +00 



!• /-t-OO 

/ WV^tWma^ida) < / P({$ t = a}, -^(da), 

J J —OO 
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which in turn gives 

||V$ t ||m Q)t <C N S h . 

Since the set {x G e t (G) : ||V$ t ||(x) = 0} C for somc N c M with ^(N) = 0, it follows that 

m({x G e t (G) : |V$ t ||(x) = 0}) = and the claim follows. □ 



Remark 3.3. The statement of Lemma [3.21 is true also for t = 1 only if \x\ <C m. Indeed if that is the 
case, there exists a unique optimal map from to fii and this map is invertible, see |10j . Theorem 2.7. 
Hence d 2 (7o,7i) depends only on 71 and since 

d 2 (7o,7i) = 2 sup{<^ (x) + ^(71)}, 
it is also Lipschitz. Then following the proof of Lemma \'6.'2\ we get the statement also for the case t = 1. 

4. d-CYCLICAL MONOTONICITY 

In this section a is a fixed element of <p(fMo). We show that a d 2 -cyclically monotone transport plan 
restricted to the level sets of the potential ip is d-cyclically monotone. We recall here the definition 

r a :=rn<p -1 (a) *x. 

Lemma 4.1. TTie sei T a is d-cyclically monotone. 
Proof. Let (xj, yi) G T a for i = 1, . . . , n and observe that 

^d 2 (x t ,y l ) = ip(xi) + (f d (yi) = ip{x % -i) + ip d {yi) < -d 2 (xi_i,j/i). 
Hence d(xj_i,j/i) > d(xi,yi) and therefore 

n n 

^d(xi,j/ i+ i) >^d(xi,j/i) 

t=l i=l 

and the claim follows. □ 
For r G [0, 1] define the "closed" and "open" evolution sets as follows 

r«(r) := {it ■ (7, i)£G«x [0, r}}, T a (r) := { 7t : (7, f) G G Q x [0, r)}, 
where G a = G PI o eo) _1 (a). 

Lemma 4.2. The family {et(G a )}t£[o.i] * s a partition ofT a (l). 

Proof. By construction the family covers r a (l), so we have only to show that overlapping doesn't occur. 
Assume by contradiction the existence of 7, 7 G G a , 7^7 such that j s = 74 = z with, say, s < t. 

Then d-cyclical monotonicity and non-branching property of (X, d, m) imply that 7 and 7 form a cycle 
of zero cost (they are contained in a longer geodesic): if 70 = xq, 71 = yo and 70 = x\, 71 = y\ then 

d(x ,yi) + d(xi,y ) = d(x ,y ) + d{xi,y\). 

There are two possible cases: or d(x\,yo) < d(xo,yo) or d(xo,yi) < d(x\,yi), indeed if both were false 
we would have a contradiction with the previous identity. In the first case 

^d 2 (x Q ,y Q ) = ip(x ) + ip d (y ) = <p(xi) + f d {yo) < -jd 2 {xi, y ) < ^d 2 (x ,yo)- 

Therefore d(xo,yo) = d(x±,yo) and since they lie on the same geodesic xq = x\. In the second case 

]^d 2 {xi,yi) = <p{xy) + <p d {yi) = <p(x ) + <p d {yi) < ^d 2 (x ,yi) < ^d 2 (x 1 ,y 1 ), 

and the same conclusion holds true: xq = x±. 

Hence we have (xo,yo), (xo,yi) G r a . It follows from Proposition 12.81 that for all 7 G G 

\Dip\ w (x) = ^(70,71). 

Therefore necessarily yo = y%. Since 7,7 have also an inner common point, they must coincide implying 
a contradiction. □ 
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Following Lemma [4.21 we can consider the disintegration of mi_f a n\ w.r.t. the family of sets {et(G a )}te[o,i] : 
mLf, (1) = I m a , t q a (dt), q a eV([0,l}), ?„(/) ^m^-^Jjnf.fl)). 

J[0,1] 

Observe that any 7 £ G a can be taken as quotient set, therefore Corollary 12.191 implies the strong 
consistency of the disintegration, i.e. for cfo-a.e. t £ [0, 1] fh a ,t is concentrated on et{G a ). 

Proposition 4.3. The quotient measure q a is absolute continuous with respect to C 1 . 

Proof. Since T a is (i-cyclically monotone, we can consider another partition of T a (l). Consider the 
family of sets {7,5 : s £ [0, l]} 7g <3 a . Even if this family is not made of disjoint sets, notice that possible 
intersection may occur only on eo(G a ) and ei(G a ). Since m(eo(G )) = m(ei(G a )) = 0, we have that 

• the following disintegration holds true: 



-Fa(i) = 



where the quotient measure q 7 is concentrated on {71/2 : 7 £ G a } and <7 7 -a.e. conditional 
probability r\ y is concentrated on {7^ : s £ [0, 1],7 £ e~j 2 {y) n G a }; 
• Since CDi oc (K, N) implies MCP(K, N), from Theorem 9.5 of [7] we have that r] y = g(y, ■)£ 1 l[ .i] 
for q 7 -a.e. y, and for r < R 

(41) ( S m(^d( l0 , lR )^K/(N-l)) \ N ^ < g(y, r ) < / sin (%rf( 7r , 7l )y/K/(N - 1)) \ 
^ sin(d(7o,7fl)VWV^l)) / " " V sin(d( 7r , 7l )^/(iV-l)) / 

where 7 = e~j 2 {y) n G a . 

To prove the claim it is enough to observe that the two disintegration proposed for mLf o n) are the 
same. Use Fubini's Theorem to get 



m a ,tq a {dt) = mLf (1) = g(y,-)C 1 (dt)q^(dy) = / g(-,t)q 1 (dy)dt, 
[0,1] •/ "'[0,1] 



therefore from uniqueness of disintegration, m at = <?(•, i)q 7 (J (7(2/, t)q~ / (dy)) 1 and <7 a = (/ g(y, t)q 1 {dy)) C 1 . 

□ 

Hence if dq a jd£} denotes the density of q a with respect to C 1 , posing m a ,t (dqa/dC 1 ) m. 0j t, we have 

(4.2) m L f (i)= / m a ,tdt. 

J [0,1] 

Denote by ||m a ,t|| : = ma,t(^t(G a ))- During the proof of Proposition ^. 31 we have also found an estimate 
on |m a , t ||. Indeed integrating (|4. 1[) in y, we get 



fA ~ . . ( ^(-^o^.)^) ^- 1 || ma . r || ^in^C^TOy^) ^- 1 
(4.3) mf ' < j — - < sup ' 

^ V S in(d( 7o , 7fl )^Q / H m ^H \ sin(d(7 r ,7i)V^S) ' 

Remark 4.4. Here wc want to stress the differences between rh a ,t and m a j. It is worth underlining again 
that both measures are concentrated on e t (G a ). Also they are both obtained as conditional measures of 
m or, otherwise stated, they belong to the range of two different disintegration maps of m: 



t (G)= J rh ayt C l (da), rai_r (i) = J m ayt C l (dt). 



Since in both disintegrations the quotient measure is C , conditional measures can be interpret as the 
"derivative" with respect to the parameter in the quotient space, a in the first case and t in the second 
one, of m. Even if m and et(G a ) are fixed, what do matters, and implies m 0l t ^ m a ,t-> is the difference 
between et+ £ (G a ) and et(G Q + E ). The difference can be observed in Figure [TJ 
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Figure 1. Above and below the disintegration with conditional rh a j and m a ,t, respectively. 

5. Uniqueness of conditional measures 

It is necessary to find a comparison between m a .t and rh a>t (note that they are both concentrated on 
e*(G a )). Indeed disintegrate 7 w.r.t. the saturated sets of tp o e$: 

1=1 7a'?( a )^ 1 (rfa), 7 a ((^oeo) _1 (a)) = 1. 

J Vino) 

The quotient measure q(a)jC (da) is the same quotient measure of fit for every t G [0, 1]. Then necessarily, 
from uniqueness of disintegration, 

e*tt7o= yj Qt(z)rh a ,t(dz)\ Q t m a ,t- 

On the other hand, in order to apply CD* (K, N) or CDi oc (K, N) to e t jj7 a , it seems to be almost mandatory 
to express et j7 a in terms of m a> t- Therefore the scope of this section is to show that vn a t and rh a> t are 
not singular with respect to each other and to write the mutual densities. 



Lemma 5.1. For every a G (p(fio), 



lim — / m aT C 1 (dT) 

S J(t,t+s) 



m 0)t , 

'(t.t+s) 



for C}-a.e. t € [0, 1], where the convergence is in the weak sens 



e. 



Proof. Since (X, d, m) is locally compact, the space of real valued continuous and bounded functions 
Cb{X) is separable. Let {//cj/ceN C Cb(X) be a dense family. 

Fix a £ (p(no)- The Lebesgue differentiation theorem implies that for every k G N 

1 



•s 



(i,t+s) 



(j fk{z)m a , T (dz)\c l (dT) -» y fk(z)m a ,t{dz), as s \ 0, 



as real numbers, for all t e [0, 1] \ i? a! fc with £ 1 (£' a ^) = 0. Hence £7 := U me N-E'a,A: is £ 1 -negligible. Take 
/ G Cb(X) and chose {/fc h }/ieN approximating / in the uniform norm. Using fk h , it is then fairly easy to 
show that 

lim — 

s J(t,t+s) 

for all t G [0, 1] \ E a . □ 



f(z)m a ^(dz)^jC 1 (dT) = J f(z)m a ,t(dz) 
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The analogous statement of Lemma RTTl is true for the conditional measures rh a ,t of (|3.2j) : fix t £ [0, 1], 
then 



lim - / m,,/ 1 -(da) = m a ,t, 

J( a n+b) 



' (a,a+b) 

for £ 1 -a.e. a £ ^(/Xo), where the convergence is in the weak sense. 
The next one is the main technical statement of the section. 

Proposition 5.2. For C 2 -a.e. (a,t) £ f(fJ-o) x [0,1] the two sequences 

{ U ' mL *r 1 ([a-l/n,a])} neH ' { n • mL * t - 1 ([«-Vn,a])nr Il (l)} n6H 

/iave £/ie same weak limit, where <& t was introduced in (|3.3[) and verifies $((74) = yo(7o)- 

Proof. Step 1. Fix a £ (p(p-o) and consider the map 

[0,1] 3t^S'\ eAGa) eM(X,d), 

where M. (X, d) is the set of finite Borel measures over X endowed with the weak topology, indeed 
S h (et(G a )) is finite for a.c. t £ [0, 1]. The map is /^-measurable, therefore for every e > there exists a 
compact set / C [0, 1] with > 1 — e such that the map 

is continuous. 

Step 2. Observe that the claim is equivalent to 

limsupn • m($ f T 1 ([a - 1/n, a]) \ f a (l)) = 0. 

n— too 

So suppose by contradiction the existence of a sequence rife such that 

n k I rhb,t (f a (l) c )£ 1 (do) > a, for k sufficiently large. 

J[a— l/n k ,a] 

In Lemma 13.21 we have proved that 

||V$ t ||m a , t <C N S h , 

with ||V<E>t|| positive m-a.e.. Then necessarily there exists a sequence {a^j/cgM converging to a, with 
a k £ [a-l/n k ,a], such that m 0fc , t (f Q (l) c ) > a' and S h (f a (l) c n $ t _1 (>fc)) > 

For fc £ N sufficiently large, let C (r a (l) c n $ f T 1 (afc)) be a compact set such that S h (H k ) > a'/2. 
Existence of Hk follows from inner regularity. Being each H k C e t (G afc ) C e t (G), the sequence {Hk}k£N 
is precompact in Hausdorff topology, hence possibly passing to subsequences H k is converging to H C 
et(G a ). Moreover, possibly choosing a smaller set, we also have S h (Hk) < C. Then from tightness, 
passing again to subsequences 

with r)(H) > limsup fe S' l (iJ fe ) > a'/2. 

Siep 3. For every e' > there exists a family {Bi}i e N C B(X) such that 



5"(e t (G ))>£h(B i ) -£', = £ 



m(B<) 



where is the radius of the ball Bi. We want to consider just finitely many B^. since the summation is 
finite, for every 6 > there exists n$ £ N such that 
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Denote by As = Uj< n5 .Bj and consider any sequence {tk}ke® C / such that tk —> t. Then we have 

ns 

S h (e t (G a )) > J2 h (Bi)-e' 

i=l 

>S h (A s n(et k (G a )UH k ))-e' 

= S h (A s n e tk (G a )) + S h (A s n H k ) - e' 

= SK etk{Ga) {A s )+SK Hk {A s )-e' 

> S h ^ et{Ga) {A 5 ) + r,{A s )-e' 

> (l-S)S h (e t (G a )) + ? ] (A s )-e\ 

where between the second and third line we have used et k (G a ) C T a (l) while Hk H r a (l) = 0, and from 
the fifth to the sixth we used lower semicontinuity on open sets of weakly converging measures. 
Hence for every e' > and 6 > 

S h (e t (G a )) > (1 - 5)S h (e t (G a )) + V (A S ) - e' . 

Letting 6 — > 0, ns goes to oo, hence 

S h (e t (G a )) > S h (e t (G a )) + n(\Jf =1 B t ) - e' . 

Recall that {-Bj}ieN is a covering of e t (G a ) and H C e t {G a ), therefore 

S h (e t (G a )) > S h (e t (G a )) + V (H) - e' > S h (e t (G a )) + a' /2 - e' . 

Since e' can be as small as we need, we have a contradiction and the claim is proved for a £ <p(/J-o) fixed 
and t £ /. Lusin Theorem implies the statement. □ 

Since n ■ WL $ -i,r a _ 1 , a n weakly converges to rh a ,t, Theorem ?? suggests to study the following quan- 
tity: for fixed x £ &t{G) 

(5.1) A t (x):= lim n-£ 1 ({r£ [0,1] : 7r £ ^([^o) - 1/n, ^( 7o )])}) , 

where 7 is the unique geodesic in G such that 7t = x. Before proving that At is the correct density, we 
need few technical results. 

Lemma 5.3. For j-a.e. 7 £ G, $4(74) > $t( 7 t+ s ) for L x -a.e. s £ [0,e], for a suitable e > depending 
on 7. 

Proof. Observe that 

d 2 ((e ,e 1 )(e t - 1 (7* + .))) = (jT^W.Ti'), 
where 7 s = e t ~ 1 ( 7t+;j ). Moreover 

d 2 (7 t+s ,7i s ) = ^ 2 (7 t+s ,l-t), 

where D(x,t) = d(x,y) for y £ argmin{?/ i-> —tp d (y) + ^-^^}- Note that non-branching implies that D 
is a well defined map. From Lemma 12.161 D(x, ■) is nondecreasing, therefore 

(l_^ + f )) 2 

(i-ty 

Hence 

d 2 (( eo ,e 1 )(e t - 1 (7t +s ))) > (1 - (t + .s)) 2 d 2 ( 7 o, 7i)- 
Starting from 1 instead of 0, from Lemma 12.161 we can deduce reasoning as before that 

d 2 ((e ,e 1 )(e t - 1 (7t+ s ))) < (l + d 2 ( l0 ,li)- 
So we have that s >—> <i 2 (7o,7i) is Lipschitz. Moreover it is well-known that 

hm = -d (70, 71). 

s->0 S 



# 2 ( 7t+s , 1 - t) > C 2 (7t +S , 1 - (t + *)) = rf 2 (7 t+s ,7i) = V ,/ ' d2 ^li) 
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It is then straightforward to check that 

hmsup < -d (70,71) + t:t« (7o,7i) = 0, 

and the claim follows. □ 

We deduce the following. 
Corollary 5.4. The quantity Xt{x) is well defined and verifies 

1 _ limiDf W-^(7 t+ r) - 



A t (7t) 

Proof. Call a = ^(70)- There is only one r G [0,1] such that 3?t(7r) = a an d it must be t. Indeed if 
the converse would be true, then we would have two points on the geodesic 7 coming from two distinct 
geodesies both starting from (p (a), contradicting the (^-cyclical monotonicity. It follows that for n large 
enough ($ t o 7) ([a — 1/n, a]) is a closed interval converging to t as n /*■ 00. Hence for n suitably large 



C 1 ({r G [0, 1] n ($ t o 7(.))" 1 ([¥'(7o) - 1/n, ^(70)])} 



where t + t„ = max{r : $4(7,-) = a — 1/n}. 

Take any sequence f n — > 0. Since all the previous results hold true if we replace a — 1/n with any 
sequence a — e n with e„ \ as n /*• 00, without loss of generality we can assume that $t(7t+f„) = a— 1/n. 
It follows 

gt(7t) ~ $*(7t+fJ > gt(7t) - ^t(7t+r„ ) _ 1 



^({r G [0, 1] n ($ t o 7(0 )-i([a- l/n,a])}) ' 

Hence the limit in (|5.1[) , being equal to a liminf is well defined and identity of the claim is proved. □ 

The following is the main result of the section. 
Theorem 5.5. For j-a.e. 7 G G and L x -a.e. t G [0, 1] 

rh a ,t = A t TO a ,t- 

Proof. Step 1. For £ 2 -a.e. (a,t) G (fi^o) x [0, 1] Theorem ?? applies: 

" Vt = ™ n ' mL »r 1 ([a-i/n,«.])nr B (i)- 
Moreover, as we saw in the proof of Proposition 14.31 mi_f /]\= / g(y, -)L l q{dy), hence 

^* t -( [0 -i/„, ])nr a (i)= X^^^'-^^^a.-i/n,.])) 9 ^- 

Multiply and divide by £M{t G [0,1] (7 ($ t o 7(.)) _1 ([a - 1/n, a])}j, then Corollary 15.41 gives that 
n ■ mL « t - 1 ([«-i/»,«])nf a (i) must converge to 

^td(;t)q = Xtm a ,t, 

and therefore rh a ,t = Atm Qj t. □ 
At the beginning of this section we observed that 

eto7 a = yj Qt(z)m a ,t(dz)\ Q t rh ayt . 
Then Theorem 15.51 implies the next corollary. 

Corollary 5.6. The measure (et)i1 a is absolute continuous with respect to the surface measure m a ,t- 
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Let h ay t{x) := ( x ) denote the density. Clearly h a j can be denned arbitrarily outside e t (G a ). 

Therefore for £ 1 -a.e. t G [0,1], {et)\\~f a = h a ,tm a ,t- We prefer to think of h ayt as a function defined on 
G rather than on et(G a ), hence define h a>r : G a — > [0, oo] by /i a ,r(7) := h a _ r {^ r ). So we have found a 
decomposition of g t : 

Qt(lt) = (^J Qt(z)m ait (dz) \ ^^A t(7)i 

where a = ^(70)- 



6. Estimate in Codimension one 

For r G [0, 1] and a G R, let p ar := (e-t)yTf a - Consider H C G, 7-measurable with 7(i?) > 
and numbers < Rq, Lq, R\, Li < 1 with Rq < R\ such that Rt + L t < 1 for all t G [0,1] where 
R t := (1 — t)Ro + tRi and L t := (1 — i)Lo + £Li, then the following holds. 

Lemma 6.1. The curve 

rl 



5-1) t H> /i t := ^7m _/ l(fl„ii t +L t )xfl(e" 1 W)p«,r(<te)/; 1 (*) G 7>(M) 



Proof. Observe that coupling each 7i? s +AL 3 with jB, t +\L t for A G [0, 1], 7 G H we obtain a d 2 -cyclically 
monotone coupling of fi s with fj. t . The property then follows straightforwardly. □ 

Hence, an optimal transport is achieved by not changing the "angular" parts and coupling radial parts 
according to optimal coupling on R. We now prove that actually this is the also the only one. 

Lemma 6.2. For every < Rq, Lq, R\,L\ < 1 with Rq < R± the geodesic [0, 1] 3 t h-» fi t defined in (|6.ip 
is the only geodesic between /j,q o,nd 

Proof. We show that [0, 1] 3 t h-> fa is the restriction of a longer geodesic, and, due to the non-branching 
property of the Wasserstein space inherited from (X,d,m), this implies the claim. 
Given < Rq, L , R\,L\ < 1 with R < Ri for e > consider 

£ _ L - sLi 

L F : — 



Rx - R + e 1-s 
Clearly e is chosen such that L e > 0. Then we can write the interval [Rq, Rq + Lq] &s an inner point of a 
convex combination between interval: 

[Ro -e,Ro-e+ L e ](l - s) + [R lt i?i + Li]a = [i? , #o + Lo]. 

Replacing Rq with i?o~ £ and Lo with in (|6.1[) and denote with p, t the new geodesic. It is straightforward 
to check that p, s = /io- The claim follows reasoning in the same way for R\ and L\. □ 

Observe that for each t G [0, 1] the density Qt{x) of /it w.r.t. m is given by 

(6.2) gtM= \l^W) h ^ ( r > 7) G [Rt,Rt + L t ] X H, 

I 0, otherwise. 
The following regularity result for densities holds true. 

Lemma 6.3. For ~y a -a.e. 7 G G a , the function r \-> /i ,r (7) is semi-concave on (0, 1) and satisfies in 
distributional sense 

%h-l' N b) < -L 2 (7)f^ /JV (7), 

where £(7) = d(7o,7i)- 

Proof. Recall that CDi oc (K, N) implies CD* (K,N). Consider the geodesic /i f defined in (|6.1[) with Lo = 
L\. From Lemma 15721 we can apply the definition of CD* (if, AT) to fa and get 

sin((t-,s)L( 7 )v^7A 7 ) 1/JV sin((s-r)L(7)V^7iv) 

(6.3) ^(7) > — ) — =(C 7 W + — ) =f (7), 

sin ((t - r)L( 7 ) v / ^7]Vj sin ((t - r)L( 7 )^K/N) 
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for all < r < s < t < 1 and -y a -a..e. 7 € G. The claim is equivalent to (|6.3[) . □ 

Fix an open set H C G and [a, 6] C [0, R] such that the curvature dimension condition CD(K, N) holds 
true for all measures ^cbMi supported in e([a, 6] x H). For each Ro,Ri G (a, 6) choose Lq,L\ such that 
i?o + L01 -Ri + £1 < and define (jUt)tg[o,i] as before in (|6.1[) . Moreover we have to consider the following 
map 

$ : £(M) x [0, 1] -> 0(M) 

(7, s) i-> t (->- r/ t = 7(i_ t ) (flo+sLo ) +t ( J?1+sLl) 

Consider 

then = e ttt 7 a . 

Theorem 6.4. For 7 a -a.e. 7 G -ff and /or sufficiently close < Rq < R\ < 1 the following holds true: 
(6-4) V£(7) > - Ro)m) {V^(7) + ^IT(7) 

Proof. Consider < Ro < i?i < 1, the measures /Lto, the corresponding measure on the space of 
geodesies j a and recall that /i t = gtm. 

Step 1. Condition CDi oc (K, N) for t = 1/2 and the assumptions on Rq,Lq and R\,L\ imply that for 
7 a -a.e. V G £(M) 

that can be formulated also in the following way: for £ 1 -a.e. s G [0, 1] and 7 a -a.e. 7 G H 

81/2* J (.1Ri/2+sL 1/2 ) > t£$((Ri -Rq + s\Li - L \)L(ij) {qo 1/N (ir +sL ) + Qi 1/N '(7fli+«£i)} ■ 
Then using (|6.2j) and the continuity of r h-> /i r (7) (Proposition 16. 3[) . letting s \ 0, it follows that 

(6.5) (Lo u^^c^w > -km^ - ^)i(7)) ¥ (7) +i: /N ^,r w} 

for all Rq < Ri G (a, 0), all sufficiently small Lq,L\ and 7 a -a.e. 7 G if, with exceptional set depending 
on i?o, R\,Lq, L\. 

Step 2. Note that all the involved quantities in (|6.5[) are continuous w.r.t. Rq, Ri, Lq, Li, therefore 
there exists a common exceptional set H' C H of zero 7 a -measure such that (|6.5[) holds true for all for 
all Rq < Ri G (a, b), all sufficiently small Lqj £1 and all 7 G H \ W . Then for fixed Rq < R\ G (a, 6) and 
fixed 7 G H\H', varying L ,Li in (|6.5[) yields 



(7) > ° { k'nU ((Ri ~ WW) j (7) + ^"Jr 1 (7) 



T (l/2) 
i; ^ L T 

Indeed the optimal choice is 

T K% N -%) T T C-"(7) 

°~ ^-^tj+^-^t)' 1 ao (jv " ) (7)+^,r- i) (7) 

for sufficiently small i > 0. 

Repeating the same arguments with [Rq — Lq, Rq] and [Ri —L±, R±] we obtain also the case R\ = 1. □ 

7. Global estimate in codimension one 

From Theorem 16.41 we have that for 7 a -a.e. fixed 7 G G a \ H': for every < Rq < 1 there exists e > 
such that for all i?o < R\ < Ro + e < 1 it holds 

\i^(7) > - ww) [Kt 1 (7) + vsr (7)} . 

We prove that mid-points inequality is equivalent to the complete inequality. 
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Lemma 7. 1 (Midpoints) . Inequality (|6.4[) holds true if and only if 

(7-i) viT (7) > - ^)i(7)) vr(7) + 4] N -x((Ri Ro)m)h;^w 

for all t G [0, 1]. 

Proof. We only consider the case -RT > 0. The general case requires analogous calculations. In order to 
make notations simpler we remove the subscripts from h a n t . 

Fix < -R < Ri < 1, put 9 := - Rq)L(~/) and h(s) := h s {-f) = h(-y(s)). 

Step 1. For every fcgNwe have 

h-^{R + l2- k 6)) > a^ ) _ 1 (2- fc + 1 0)/i-^T(i? o + (I- l)2" fe 0)) 



+ ( 7i^ ) _ 1 (2- fc+1 0)^^T( jRo + (i + 1)2^)), 

for every odd Z = 0, . . . , 2 k . 

Step 2. We perform an induction argument on k: suppose that inequality (|7.1[) is satisfied for all 
t = l2- k+1 G [0, 1] with I odd, then (EH) is verified by every t = /2" fc G [0, 1] with I odd: 



h-T^(R Q +l2- k 6)) 

> ^5 ) _ 1 (2- fc+1 0)/^^(i? o + (I - l)2- k 9)) 
+ a^_ 1 (2- k+1 0)h-^(R o + (l + l)2- k 8)) 

-k+l 



(1/2) ,o- 



Following the calculation of the proof of Proposition 2.10 of [2], one obtain that 

h~^(Ro + l2- k 9)) > <J ( K^-\ k) (0)h-^(Ro) + ffEiWA"^ 1 ^). 



The claim is easily proved by the continuity of h and a. 



□ 



We prove that (|7.1I) satisfies a local-to-global property. 

Theorem 7.2 (Local to Global). Suppose that for every r G [0, 1] f/iere exists e > swc/i f/iai whenever 
0<r-s<Ro<Ri<r + s<l then (jTTTj) ZioMs irwe /or a/Z i G [0, 1]. Then (f77T]) ZioMs frue for all 
< R < Rx <l and all t G [0, 1] . 

Proof. We only consider the case K > 0. The general case requires analogous calculations. Fix < Ro < 
R X <1,6 := (i?! - i? )L(7) and h(s) := /i s ( 7 ) = h(j(s)). 

Step 1. According to our assumption, every point r G [0, 1] has a neighborhood (r — s(r) , r + s(r)) such 
that if Rq and i?i belong to that neighborhood then (|7.ip is verified. By compactness there exist x\, . . . ,x n 
such that the family {B E ^.y 2 { x i)}i=i,...,n is a covering of [0,1]. Let A := min{e(xi)/2 : i = 1, ...,n}. 
Possibly taking a lower value for A, we assume that A = 2~ k 9. Hence we have 

h-^(R + U) > -^ ) _ 1 (2- fc+1 ^)/ l -^( J Ro + \e- 2~ k 6) 

+ ( 7^ ) _ 1 (2- fe+1 0)^-^T(i? o + \e + 2- k 9). 
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Step 2. We iterate the above inequality: 

h-^(R + \0) > ai^ ) _ 1 (2- fc+1 ^)/ l -^T(i? + \e - 2-H 

+ ( r^ ) _ 1 (2- fc+1 0)/ l -^( J Ro + \e + T 



■k+l. 



> ^ 1 (2- fc +^)[^ 1 (2- fc+1 0)/,-^(i?o + \e 2 

+ v [ K%l l {2- k+1 e)h-^{R Q + l -t 

+ <T^ ) _ 1 (2- fe+1 0)/ l -^( J Ro + \e + 2- k+1 ( 

> a^l^-^efh-^iR, + \e- 2^6) 

+ a^l^-^efh-^ (Ro + \e + 2- k+1 9). 

Observing that jv'_i ( a ) 2 > a KN-i{^ a )' ^ * s fairly easy to obtain: 

h-^(Ro + h) > a^ ) _ 1 (2- fe+l+1 0)/ l -^T( J Ro + \e- 2- k+l 9) 

+ a^ ) _ 1 (2- fe+t + 1 0)^-^T(i?o + ifl + 2- k+l e), 
for every i = 0, . . . , k. For £ = k — 1 Lemma 1 7. II implies the claim. □ 

8. Estimate in Dimension one and Conclusion 
Recall the definition of A* (a;) 

A t (a) := Hm n-C 1 ^ G [0,1] n (* t o 7( . ) )- 1 ([^( 7o ) - l/n,^(7o)])}), 

where 7 is the unique element of the set G n e^ 1 (x). 

Without any other assumption on the space, in order to prove concavity in time of At (7*), we have to 
make an assumption on the shape of the chosen optimal dynamical transference plan 7. 

Proposition 8.1. Assume the following: for -y-a.e. 7 S G, d 2 (7o,7i) depends only on ^(70), i.e. 

d(7o,7i) = d(7o,7i)j 
whenever y( 7 o) = v(7o )• Then for -y-a.e. 7 G G the following holds true 

A t (7t) = (l-*)Ao(7o) + *A 1 (7i) J 

for every t G [0, 1] . 

Proof. Step 1. From the hypothesis follow that <i 2 (7o,7i) is constant for 70 varying over a level set of ip. 
It follows that {74 : ^9(70) = a} is a level set of ip t indeed 

Vt(7t) = (1 - *M7o) +*^i(7i)> 7 - a.e.7 G G, 
where ipi = —Lp d . We can therefore consider the disintegration induced by the level sets of ip t 

mL et ( G )= / fht^idb). 



Since 



Vt(Mt 



Vt(7t) - Vt(7t+r) _ d 2 (7*,7i) 



lim = -7- — -ry- = d (70,71). 



r*-To T (1 - i) 2 

repeating the very same proof of Theorem 15.51 with ip t instead of $i , we obtain 

1 

c? 2 (7o,7i) 
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where £*(a) is the unique element of tpt(fJ>t) such that tp t 1 (£t(a,)) = {it '■ f-y = a}- 
Step 2. Since they represent the same geodesic, the two measures 

h & 
n a ,tm a ,t, 



7 — : m t,it(a) 

J QtmtMa) 



coincides. Now observe that the map £t pushes the quotient measure V'tfMo to the quotient measure tpt $/it 
in a monotone way. From one dimensional theory, it holds that £t = (1 — t)Id + i£i and 



\da€t\(a) j QtrhtMa) = j Qo™o,a = J Qorh afi . 

Hence 

,2/ \u [ ~ , f - ^(70.71) 

Qt = a (7o,7i)V< J 2* m t,£t(a) = n a ,t J go"Vo |g g |^ , 

and therefore, up to constant, since / gtm a ,t is constant in 

At (7*) = |0«6l(o), 

and the concavity is therefore proved. □ 

Instead of making assumption on 7 we can make an assumption on (X, d, m) . We will ask the metric 
measure space (X, d, m) to be infinitesimally strictly convex in the sense of Definition 12.121 This will 
implies better properties for At. 

Define the restriction map as follows. For any t G (0,1) let restr[ tl ] : G(X) — > Q(X) be defined as 
follows restr^ t ^ (7)3 = 7(i- s )t+ s - Denote by 7[t,i] the measure restr^^j. 

Lemma 8.2. For all t G [0, 1) the measure 7r t ji represents V(l — i)yJt. 

The notion of test plans representing gradients has been introduced in Definition 12.101 

Proof. First observe that ipt G S 2 (e t (G), d,m). Indeed from Proposition 12.81 since ip t is a Kantorovich 
potential for (/i t ,/^i), it follows that 

\Dip t \ w (jt) = 'LlhlL = ^(70,71), for 7 - a.e.7, 

and therefore |Dy>t|«, G L 2 (et(G),m). We know that 7^ ji is the optimal dynamical transference plan 
between \i t and /^i and (1 — t)ip t is the Kantorovich potential for the d 2 cost, hence Proposition ^ . 81 implies 
that 

ftjlr) - ft ho) ( , v /" rf 2 (70:7l) / , n 

7[t,i](^7) = / x _ t 7[t,i]W- 



Hm 



Since ||T[t,i]lll = / d 2 (7o, 7i)7[t,i](#y), 

^ H™ / r 7 [t ,i](rf7) = Il7[t,i]ll2 

and the claim follows. □ 

Using Theorem 12.111 we can now express L 7 (£) in terms of a second order differentiation. 

Proposition 8.3. Let (X, d, m) be infinitesimally strictly convex. Then X t verifies the following identity: 
for every t G [0, 1) 

— !— = -£>$t(V<p t )(7t), 7 -a.e.7, 
At(7t) 

where the exceptional set depends on t. 

Proof. Step 1. Since the support of 7, G C C/(M), is compact, (p t is Lipschitz on et(G) with finite 
Lipschitz constant. Moreover 

d 2 (lt,Ji) = (1 - t) sup {^( 7t ) + /(y)} , 

•ye A/ 

hence $ t is Lipschitz as well, and from the compactness of et(G), it belongs to S 2 (et(G),d,m). 
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Step 2. Since (X,d,m) is infinitesimally Hilbertian, and ~/u y represents V(l — t)(p t , from Theorem 
I2TT1 it follows that 

I ^(7r)~^(7o) {di) = {l _ t) J D ^ t{Wipt){x)llt{dx ) 



= (!-*)/ ^t(V^)(7o)7[ t ,i](d7)- 

Jrestr[ tl] (G) 

Since the previous identity holds true even if we restrict to a subset of restr^ tl ^(G), it follows that it 
holds point-wise: for 7[ t l ]-a.e. 7 

rj.0 T 

So fix 7 in the support of 7[ t ^ such that the limit exists and consider 7 in the support of 7 such that 
7 T = 7(i- T )t+T; then we have 

Mir) = Ml(l-r)t+r) ~ Mlt) = ®t (l(l-r)t+r ) ~ gt (?t ) _ x 

t r r(l-t) 1 j ' 

and therefore the claim follows. □ 

Under the infinitesimally Hilbertian assumption, we have therefore the following decomposition: 

et(7t) = -D$ t (V<pt)(7t)h t ('yt), 



c(v(7o)) 

where c(a) = J Q t {z)rh a ,t{dz) is independent of t and /i verifies CD* (K,N — 1). 
Using the results proved so far, we can now state the following. 

Theorem 8.4. Assume that, for 7-a.e. 7 G G, d 2 (7o,7i) depends only on <p(7o)- Then the following 
holds true 

Qt{ltT l/N > ?o(7o)- 1/Ar r^V( 7 o,7i)) + ^(71)^^^(^70,71)), 
for every t G [0, 1] and for 7-a.e. 7 G G. 

Proof. Since 

At(7t) ' 

where the integral is constant in £, in order to prove the claim we can assume 



£>t(7t) = / Qt{z)m a ,t(dz) 



Qtilt) = -T-r-rK,t{l)- 
Milt) 

Then from Theorem 16.41 and Proposition 18.11 

g;1/N(lt) = (a^^ (7) ) ^ 

= ((1 - i)Ao(7o) + tX, (71)) * (/,;j /(JV ' 1) (7)) ^ 

1 / A'' 1 N — l 

> ((l-i)A (7o)) (^-iW7o,7i))V6^ T (7)) " 

1 /TV 1 Jv- 1 

+ (*Ai(7i)) (4! J v-i(rf(7o,7i))Vr T (7)) " 
= e ( 7 1/Ar (7o)'r] i L J v * ) (d(7o,7i)) + Qi 1,N (7i)^jv( d (7o, 7i))- 
The claim follows. □ 
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